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4» All Mathematical truths are relative and conditional. — C.P. STEINMETZ % 


4.1 Introduction 


In the previous chapter, we have studied about matrices 
and algebra of matrices. We have also learnt that a system 
of algebraic equations can be expressed in the form of 
matrices. This means, a system of linear equations like 
a,x+b у= с, 
а, х+ р, у= с, 
а bx C, | 
can be represented as = . Now, this 
4: Ф Ney 2 


system of equations has a unique solution or not, is 
determined by the number a, b, - a, b,. (Recall that if 





E 


P.S. Laplace 


b 
#— ora, b,— a,b, #0, then the system of linear 
а, b, (1749-1827) 


equations has a unique solution). The number a, b, — a, b, 


| E | ! ! d, b 
which determines uniqueness of solution is associated with the matrix A — | i " | 
“7 101 
and 18 called the determinant of A or det A. Determinants have wide applications in 
Engineering, Science, Economics, Social Science, etc. 

In this chapter, we shall study determinants up to order three only with real entries. 
Also, we will study various properties of determinants, minors, cofactors and applications 
of determinants in finding the area of a triangle, adjoint and inverse of a square matrix, 
consistency and inconsistency of system of linear equations and solution of linear 
equations in two or three variables using inverse of a matrix. 


4.2 Determinant 


To every square matrix А = Га, of order n, we can associate a number (real or 
complex) called determinant of the square matrix A, where а„= (i, 7)" element of A. 
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This may be thought of as a function which associates each square matrix with a 
unique number (real or complex). If M is the set of square matrices, K is the set of 
numbers (real or complex) and f : M  K is defined by f (A) = k, where A є M and 
Ке К, then f (A) is called the determinant of A. It is also denoted by | Al or det A or A. 


{ 
= det (A) 


a 
| ‚ then determinant of A is written as | Al = ood 


If A É 
1с d 


Remarks 


(1) For matrix A, ГА! is read as determinant of A and not modulus of A. 
(1) Only square matrices have determinants. 


4.2.1 Determinant of a matrix of order one 


Let A = [a | be the matrix of order 1, then determinant of A is defined to be equal to a 


4.2.2 Determinant of a matrix of order two 


A, ар | 
Let А = be a matrix of order 2 x 2, 
а 492, 
then the determinant of A is defined as: 
eu ” diz 
det (А) = 1А! = А = „М = а,,а„ 4а, 2) 


21 22 


Example 1 Evaluate 





2 
-1 2. 


Solution We have 





4 
1 -2(2)-4(1)-4-4-48. 


Example 2 Evaluate 





Х+1 
Az X 
Solution We have 


X x+1 





4.2.3 Determinant of a matrix of order 3 x 3 

Determinant of a matrix of order three can be determined by expressing it in terms of 
second order determinants. This is known as expansion of a determinant along 
a row (or a column). There are six ways of expanding a determinant of order 
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3 corresponding to each of three rows (R,, R, and К.) and three columns (С,, С, and 
С.) giving the same value as shown below. 


Consider the determinant of square matrix A = (а. 45 


ау а, а, 
Le |А|-|4 4»; а» 

Яз 432 033 
Expansion along first Row (К) 


Step 1 Multiply first element а, of R, by (-1)" * P [(-1)* 9 sis ^45] and with the 
second order determinant obtained by deleting the elements of first row (R, ) and first 
column (C,) of | A ава, lies in К, and С, 


а» 053 








Les (el WE. 
Яз 33 
Step 2 Multiply 2nd element a,, of R, by (-1)'** [(-1)*e sits? ^»] and the second 
order determinant obtained by deleting elements of first row (R,) and 2nd column (C,) 
of |A las a, lies in К and С,, 


42) 05 
зі 433 


Step 3 Multiply third element a, of R, Бу(-1) *? ((-1) "2 өг хн | and the second 
order determinant obtained by deleting elements of first row (R, ) and third column (C,) 
oflAlas а; lies іп R, and С. 








i.e., (1) *? ag 


ай а» 








1 1+3 
Le. (= 0)". а ау 


Step 4 Now the expansion of determinant of A, that is, | А | written as sum of all three 
terms obtained in steps 1, 2 and 3 above 18 given by 




















а» 93 + ( p? йу 4; 
det A= IAI = (-1) +! a, = 41 
Аз) 033 Яз (433 
а а 
1-3 21 22 
+ (-l) “а, 
аз) 3) 
ОГ IAL = а (a, а; — 4; а,,) - 4), (а, а; — 4, a,,) 


+ а,» (а,, а, — а, Ay» 
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E ji 1, 4, Е 407! EY а = 4, 1,1 йл» + 4, 31 а» + 41; 21 43 


=й. б, ... (1) 


We shall apply all four steps together. 


Expansion along second row (R,) 
а а аз 
ІА |= 192: 422 495, 
аз, 932 433 


Expanding along R,, we get 


a a a a 
21 12 13 220 11 13 
IAI2 CD A> deest) 4») 
Аҙ) (433 аз аз 
а а 
б ЕЗ 11 12 
аз) A 
=— а, (a, а; — 4; a,,) ay a», (а, а; — 4; d) 
— 05 (a, 43 — 4; 1 
IA|=-—- а. 05 a; + 5, а: 4|; + 4 418; — а, аа; – а, а а, 


+ а,; 31 a 
m Gu 1), a, E а da; as, B Ч, T 0 + a da; 41 + 41; a, as, 
X Wl], а,, 58:12) 


Expansion along first Column (C,) 
ІА [= |4) 922 а,» 


By expanding along С, we get 


а а а 
1+1 | 422 23 241 | Фо 
| АТ= 41 (-1) + а», (—1) 
Аз) Әз аз) аз 


p+! Ain 3 
+ 4, CD) 
А 0234 


=a) (а,, l — Яз 045) — а (а,, йы — a), a.) + 41 (а, а, — 44 а„) 
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|А! = dii a G3 i a а,; а, i а, а, 4а; + a, 41; 45 + a. 4, аз 
- G3, 44 4; 
- а, а,, a, n Gu 43 as, i a T а T a 43 a. + 41; Ч, а,; 
0.0.0, ... (8) 
Clearly, values of IA lin (1), (2) and (3) are equal. It is left as an exercise to the 


reader to verify that the values of [AI by expanding along R., C, and C, are equal to the 
value of | Al obtained in (1), (2) or (3). 


Hence, expanding a determinant along any row or column gives same value. 


Remarks 


(1) For easier calculations, we shall expand the determinant along that row or column 
which contains maximum number of zeros. 


(1) While expanding, instead of multiplying by (—1)'*/, we can multiply by +1 or-1 
according as (i + j) is even or odd. 


2 2 1 1 
(ш) LetA- 1 1 and В = | 2 1 . Then, it is easy to verify that А = 2B. Also 


lA|l2Z0-8-2-8andIBI 2Z0-22- 2. 


Observe that, ІА І = 4(— 2) = 221ВІ ог IAI = 2"IBI, where n = 2 is the order of 
square matrices A and B. 


In general, if A = kB where A and B are square matrices of order n, then | Al = k” 
ІВ 1, where n = 1, 2,3 


1 2 4 
Example 3 Evaluate the determinant A= |-1 3 0), 
4 10 


Solution Note that in the third column, two entries are zero. So expanding along third 
column (C,), we get 
1 2 Т 2 
-0 
4 1 -] 3 


= 4(-1-12)-0+0 2-32 


0 sin Ф — —cos Q 
Example 4 Evaluate A = |—51п Q 0 sin p 
cosa  —sinp 0 
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Solution Expanding along К, we get 


0 p | 
А = 0 | — sin Q 
-sinB 0 


-sin & sinp —sin Oo 


— COS ОС 











0 
cos 04 0 со8 Ф  —sin 1 
= 0 — sin Q (0 — sin D соз О) — cos & (sin & sin D — 0) 


= sin Q sin D cos & — cos 0 sin Q sin D = 0 














| l 3 x 2: 2 

Example 5 Find values of x for which 1 = A 0p 

Ма D 2 
Solution We have = 

1 4 1 

Le: 3-x' 23-8 
Le yag 
Hence х= +22 


EXERCISE 4.1 


Evaluate the determinants in Exercises 1 and 2. 
2 4 
-3 =] 


х2-х41 x-1 


(1) 


sinO . cos 0O 





cos 0 -5ш 7 








Х +1 Х +1 


] 2 

3. If ^- 2 then showihatl2ALe 41A 
1 0 1 

4. If А-|0 1 2 |, then show that ЗА 1= 271А| 
0.0 4 


5. Evaluate the determinants 


3 -1 -2 3 -4 5 
i) |0 0-І a) 11 1-2 
3-5 0 2 3 1 
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0 1 2 2 -] -2 
(i) |-1 0 -3 (iv) |0 2-І 
-2. 3 0 3 -5 0 
1 1 -2 
6. IfA=|2 1 -3,|,findlAI 
5.4 -9 
7. Find values of x, if 
_ |2 4 2x 4 |2 3 x 3 
"ве n ) iE 2x ; 
8. ЇГ is - |, ‚ then x is equal to 
18 x| 118 6 
(A) 6 (B) +6 (C) —6 (D) 0 


4.3 Properties of Determinants 


In the previous section, we have learnt how to expand the determinants. In this section, 
we will study some properties of determinants which simplifies its evaluation by obtaining 
maximum number of zeros in a row or a column. These properties are true for 


determinants of any order. However, we shall restrict ourselves upto determinants of 
order 3 only. 


Property 1 The value of the determinant remains unchanged if its rows and columns 
are interchanged. 


Verification Let A= |b b, b, 


Expanding along first row, we get 
b, b, 


C5 G 


b, b, 


Сі C3 


b, b, 


с © 


A= & 2 + а; 




















а (DO рО) = 24D. 0 ыы 
By interchanging the rows апа columns of A, we get the determinant 


a b c 
a, D, с; 
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Expanding A, along first column, we get 
A cu ос eL). (DO ер Оа, (D. dome) 
Hence A=A, 


Remark It follows from above property that if A is a square matrix, then 
det (A) = det (A^), where А” = transpose of A. 


If К, = ith row and C, = ith column, then for interchange of row and 
columns, we will symbolically write С €» К, 


Let us verify the above property by example. 





Example 6 Verify Property 1 югА-|06 0 4 


1 5 -7 
Solution Expanding the determinant along first row, we have 
Ы 4 (3) |° 4| Sh 0 
А= Uis 27 1--7| „11 5 





-2(0-20)-3(-42-4)-5(30-0) 
--40-138-150--28 
By interchanging rows and columns, we get 


2 6 1 
A, = Ф О > (Expanding along first column) 
5.4 -7 
0 5 6 6 1 
= 2 — (-3) +3 
4 -17 4 -17 0 5 




















-2(0-20)-3(-42-4)-5(30-0) 
--40-138-150--28 

Clearly A-A, 

Hence, Property 1 is verified. 


Property 2 If any two rows (or columns) of a determinant are interchanged, then sign 
of determinant changes. 


a, 4, а; 
Verification Let A = |b b, b 
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Expanding along first row, we get 
Amb (b,c ob уға АВ бс e) Tu. (Б, e, 5, €) 


Interchanging first and third rows, the new determinant obtained is given by 


C Cy с; 
А, = b Р, Р, 
а а; а; 


Expanding along third row, we get 


A cU (6 D = Б.б.) mudo Doc Б) EOD. eb X.) 
za tb. б, 5. бей (0,0. ео сри о e£ —b c 
Clearly A, =- А 


Similarly, we can verify the result by interchanging any two columns. 





1 5ы 
2 -3 5 
SolutionA=|6 0 4|--28 (See Example 6) 
1 5 -7 


Interchanging rows R, and R, i.e., R, €» R,, we have 


2 =3 5 
А = Г 2 7 
6 0 4 


Expanding the determinant A, along first row, we have 


5 


—] —] 
0 4 


4 


1 


2 сз) |. 
~ 227716 





+5 


6 0 


= 2 (20-0) +3 (4 + 42) + 5 (0-30) 
= 40 + 138 – 150 = 28 
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Clearly A,=-A 
Hence, Property 2 1s verified. 


Property 3 If any two rows (or columns) of a determinant are identical (all corresponding 
elements are same), then value of determinant 15 zero. 


Proof If we interchange the identical rows (or columns) of the determinant A, then A 
does not change. However, by Property 2, it follows that A has changed its sign 


Therefore A==A 
or А-0 


Let us verify the above property by ап example. 


3 2 3 
Example 8 Evaluate А= |2 2 3 
2 2 3 


Solution Expanding along first row, we get 
А-3(6-6)-2(6-9)-3(4-6) 
= 0-2 (-3) +3 (-2) =6-6=0 
Here R, and R, are identical. 


Property 4 If each element of a row (or a column) of a determinant is multiplied by a 
constant k, then its value gets multiplied by k. 


a b с, 
Verification Let А- |4; 2) с, 


and A, be the determinant obtained by multiplying the elements of the first row by k. 
Then 
ka, kb, ke, 
A =|% б) с, 
à, by с, 
Expanding along first row, we get 
A KU D. C= 0,0.) KD AO, C=C, й KO AG, D D) 
екі (D OD. б) =}, (0,6 —0 а) (b b. 8) 
=kA 
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ka, kb, ke, йб Б G 
а; b, C3 a, b, с; 


Remarks 


(1) By this property, we can take out any common factor from any one row or any 
one column of a given determinant. 


(1) If corresponding elements of any two rows (or columns) of a determinant are 
proportional (in the same ratio), then its value is zero. For example 
à а, а; 


А-|9 b 8 | =0 (rows R, апа К, are proportional) 
ka, ka, ka, 


102 18 36 
Example 9 Evaluate | 1 3 4 
17 3 6 


102 18 36| (6477) 6(3) 6(6) 17 3 
Solution Note that 1 3 41-41 3 4 |=6|1 


6 
420 
17 3 61117 3 6 | 1736 


3 
3 
(Using Properties 3 and 4) 


Property 5 If some or all elements of a row or column of a determinant are expressed 
as sum of two (or more) terms, then the determinant can be expressed as sum of two 
(or more) determinants. 


а) “АЯ” a, +À, a +À, ар а, а, Ao dus dus 
For example, р, Р, Р, -19 b 5,| 519, b, b 


Gd. dij Ay dd As 
Verification L.H.S. = | А b, b, 


Ci C5 C3 
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Expanding the determinants along the first row, we get 
A = (a, + À) (b, c, – c, b) - (a, + A,) (b, c, – b, с) 

+ (a, * X.) (b, c, – b, c) 

=a (Dg = б, Ded, (De De) та (5 E be) 
tÀ,(bc,—-c,b)-A,(b, c, b, c) + A, (b, c, — b, c.) 

(by rearranging terms) 
Q 4; а; № А № 
-19 b Ь\|+\Ь b b|-RHS. 


с Cy 6 с C5 C3 


Similarly, we may verify Property 5 for other rows or columns. 


a b C 
Example 10 Show that |a + 2х р + 2у c t 2z = 0 
x y 2 
а Ь C a БҸ a b с 


Solution We һауе |@+2x b*-2y с-22| - |а b с|+|2х 2y 22 


x y 2 х у Z X у Z 
(by Property 5) 
=0+0=0 (Using Property 3 and Property 4) 


Property 6 If, to each element of any row or column of a determinant, the equimultiples 
of corresponding elements of other row (or column) are added, then value of determinant 
remains the same, 1.е., the value of determinant remain same if we apply the operation 
R, OR, + kR, or C, m СС. 


Verification 
ар а, а GPR dd.bEO, PEG, 
Let АФ bi b, Р, апа А, = b, b, Р, 5 
с с) C3 с C) C3 


where A, is obtained by the operation К > К + КК, . 


Here, we have multiplied the elements of the third row (R.) by a constant К and 
added them to the corresponding elements of the first row (R). 


Symbolically, we write this operation as R >R, +k R,. 
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Now, again 
а а, а; kc, kc, Кс; 
A, -|b b, |+ b, b, | (Using Property 5) 
cp Xx 4 а о 9 
=A+0 (since R, and R, are proportional) 
Hence A=A, 
Remarks 


(i) If A, is the determinant obtained by applying R, — KR, or C, — КС to the 
determinant A, then A, — KA. 


(1) If more than one operation like R, > R, + КК is done in one step, care should be 
taken to see that a row that is affected in one operation should not be used in 
another operation. A similar remark applies to column operations. 


a a+b аБ-с 
Example 11 Prove that |2а За + 2b. 4a+3b+2c |-а?. 
За 6a + ЗБ 10a+6b+ Зс 


Solution Applying operations К, — К, – 2R, апа К, — К, – ЗК, to the given 
determinant A, we have 


a+b a+b+c 


Q 


A= |0 а 2а +Ь 
О За 7а + 3b 


Now applying К, > R, — 3R,, we get 


a a+b a+b+c 
A= 0 a да +Ь 


0 0 a 
Expanding along C,, we obtain 
a 2a+b 
A=a 0 +0 +0 





=a (a —0)-a(a)q 
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Example 12 Without expanding, prove that 
Алл стр тера 
А = 2 X y |=0 
1 1 1 
Solution Applying К, — К, + R, to A, we get 
К+ ул LV Wy 
Ac 2 X у 
1 1 1 
since the elements of К, апа К, are proportional, А = 0. 


Example 13 Evaluate 


1 а bc 
А= |1 b ca 
1 c ab 
Solution Applying R, > К,— К, and К, >R, – R,, we get 
1 а bc 


А-|0 b-a c(a-b) 
О c-a Ь(а—с) 


Taking factors (b — а) and (c — а) common from R, апа R,, respectively, we get 


l a bc 
A= (b-a)(c-a)|O 1 -=c 
0 1 -b 


= (b — a) (с-а) [C b + c)] (Expanding along first column) 
= (a — b) (b — c) (c — a) 


b+c a a 
Example 14 Prove tht | b с-а b |=4abc 
C C а+Ь 
b+c a a 
Solution Let A=| b c+a b 
C С а+р 
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Applying К, Э R, - R, - К, to A, we get 
О -2c -25 
A= b cta b 
C C a+b 
Expanding along К, we obtain 
Cra b b с+а 


+ (—2b 
С а+р 20) 


+ р 


=2 c (ab + 2 —bc)-2b(bc- с? – ac) 
=2арс+ 2 ср -2 be’ – 2 bc + 2 рс? + 2 abc 


C 





Fes 
- (-2c) 
С 











= 4 арс 
х АА ltr 
Example 15 If x, y, z are different and А-|у y? 1+у'|=0, then 
им ow itz 


show that 1+ xyz = 0 


Solution We have 


x x 14x 


А = |у y 14 y 
zz ЇЕТ 
x x dux x х 


-|у у Ye» у y (Using Property 5) 
2 2 3 
1 
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7 Z Zač С 
1 x x 1 х x 
-(- y y?^-xzl у y? (Using С,« C, and then C, © С,) 
1 z z 1 = z 
1 x x 


1 уу (хус) 


2 
1 2 2 
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1 х x 
= (1+xyz)0 у-х y -x (Using R,>R,-R, and R, > В.-К) 
0 z-x 2-х? 
Taking out common factor (y — x) from R, and (z — x) from R,, we get 


2 


ІЗ 2 
А = (1+ху2) (yx) (z-x)O 1 у-х 
О 1 z+x 


= (1 + xyz) (y - х) (z — x) (z — у) (on expanding along С.) 
Since A = О and x, у, z are all different, i.e., x у #0, y-z £0, z—x #0, we get 
1+xyz=0 


Example 16 Show that 


l+a 1 1 win 
1 1+Ь 1 mabe 1424241) abe+he+cavab 
l 1l ec «У 


Solution Taking out factors a,b,c common from К, К, and R,, we get 


1 1 1 

9] 2 E 

a a a 

1 1 1 

— abc| — — +] — 

L.H.S. = b b b 
i lI l} 

C C C 


Applying R,> R, + R,+R,, we have 


1 1 1 1 1 1 1 1 1 
1------ 1+—+—+— 1------ 


а С a b с a b c 
1 1 1 
— айс 2 SI 2 
А b b b 
i 1 ім 
C C С 
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1 1 
= abc Биг ы ы Е 
a b ср b b 
EE Ін 
C е с 
Now applying С,-> C,- С,, C, > C; - C,, we get 
1 0 0 
даа 161441 Е 1 0 
a b cj|b 
1 
— 0 1 
C 
1 1 1 
- abc| 1+—+—+4-— || 11-09 
| a b JU 1 


1 1 1 
ав 114444) = abc + bc + ca + ab = R.H.S. 
a b c 





EXERCISE 4.2 


Using the property of determinants and without expanding in Exercises | to 7, prove 
that: 


X a х+а a-b b-c c-a 

1. |y b y+b|=0 2. b-c c-a a-b|=0 
7 2+С с-а a-b b-c 
2 65 1 bc a(b+c) 

3. |3 75|=0 4. 1 ca b(c+a) =0 
5 86 1 ab c(a-b) 
b+c qtr ytz a p x 


5, (сға кер z+x=2ļb q y 
a+b p+q x+y С x 
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0 a -b —a° ab ас 
6. а 0 —с|=0 7. ba -b° фс|-4а Бїс" 
b c 0 ca cb -c 


By using properties of determinants, in Exercises 8 to 14, show that: 


laa 
8. (i) 1 5 р? -(a-b)(b—c)(c—a) 
1 c c 
1 1 1] 
(Іі) |а b c -(a-b)(b—c)(c—a)(a-*b-c) 
a b c 
x x^ yz 
9. |у Уу |= (к-у) 0-2 G-x) (y * yz о) 
z oz Xy 


x+4 2x 2Х 
10. (i) | 2x ха4- 2x -(5х-4)(4-х) 
2x 2x х-4 


y+k у y 
(ii) y y+k y =k? (3y+k) 
y y у+К 


а= рс 2а 2а 
11. @ | 2b b-c-a 2b |=(а+Ь+с) 
2c 26 с-а-р 
x+y4+2z x y 
(ii) 2 узе еду у =2(х+у+)` 
2 X Ztx+2y 
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1 x x 
2 
12 x ] х |=(1- х) 
x x 
14:07 eb. 2ab —2b 
3 
13. 2ab 1-а? +b? 2a |=(1+а? e P?) 
2b 2a ka 
a°+1 аЬ ac 
14. ab b «4*1 be |=1+а? +b? +c’ 
са сЬ "RET 


Choose the correct answer in Exercises 15 and 16. 
15. Let A be a square matrix of order 3 x 3, then |КА1 is equal to 

(A) KI AI (В) KIAI (С) KIAI (О) 3К|А!| 
16. Which of the following is correct 

(A) Determinant is a square matrix. 

(B) Determinant is a number associated to a matrix. 


(C) Determinant is a number associated to a square matrix. 
(D) None of these 


4.4 Area of a Triangle 
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In earlier classes, we have studied that the area of a triangle whose vertices are 


"e | 1 
(x,, у), G6, y,) and (x,, yj), is given by the expression 5 | 059) и er) + 


x, (y,-y,)]. Now this expression can be written in the form of a determinant as 


| x y 1 

— —|Х 1 
А 212% У, 

x, y, 1 


Remarks 


.. (1) 


(1) Since area is a positive quantity, we always take the absolute value of the 


determinant in (1). 
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(1) If area 18 given, use both positive and negative values of the determinant for 
calculation. 


(ш) The area of the triangle formed by three collinear points is zero. 
Example 17 Find the area of the triangle whose vertices are (3, 8), (— 4, 2) and (5, 1). 


Solution The area of triangle is given by 


3 8 I 

А--|-4 2 1 
2 

5 11 


- = [32-1)-8(-4-5) «1(-4-10)] 


-l(5,75.14-.98 
2 2 


Example 18 Find the equation of the line joining A(1, 3) and B (0, 0) using determinants 
and find k if D(k, 0) is a point such that area of triangle ABD 15 354 units. 


Solution Let P (x, y) be any point on AB. Then, area of triangle ABP is zero (Why?). So 


Ti 0 1 
— 9 mee) 
2 
A y 
| 1 
This gives n -3x) = 0 or y= 3x, 


which is the equation of required line AB. 
Also, since the area of the triangle ABD 18 3 sq. units, we have 


1 X" 
1% D T sx 
2 

К 0 1 


This gives, E inns 10-025022, 


EXERCISE 4.3 


1. Findarea of the triangle with vertices at the point given in each of the following : 
(Gi) (1, 0), (6, 0), (4, 3) (Ш) (2,7), (1, 1), (10, 8) 
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2. Show that points 
A (a, b + c), B (b, c + a), C (c, a + D) are collinear. 
3. Find values of k if area of triangle is 4 sq. units and vertices are 
(1) (&, 0), (4, 0), (0, 2) (Ш) (-2, 0), (0, 4), (0, К) 
4. (1) Find equation of line joining (1, 2) and (3, 6) using determinants. 
(п) Find equation of line joining (3, 1) and (9, 3) using determinants. 
5. If area of triangle is 35 sq units with vertices (2, — 6), (5, 4) and (k, 4). Then k is 
(A) 12 (B) -2 (C) -12, 2 (D) 12,-2 


4.5 Minors and Cofactors 


In this section, we will learn to write the expansion of a determinant in compact form 
using minors and cofactors. 


Definition 1 Minor of an element a, of a determinant is the determinant obtained by 
deleting its ith row and jth column in which element a; lies. Minor of an element a; is 
denoted by M 


TH 


Remark Мшог of an element of a determinant of order n(n > 2) 1s a determinant of 
order n — 1. 


Example 19 Find the minor of element 6 in the determinant A = 


d = = 
со tA N 


3 
6 
9 
Solution Since 6 lies in the second row and third column, its minor M,, is given by 


к 2 
M,, = 7 1 = 8 – 14 =— 6 (obtained by deleting R, and C, in A). 
Definition 2 Cofactor of an element а, denoted by А, is defined by 


A = (-1)'*) М» where N is minor of а... 





Example 20 Find minors and cofactors of all the elements of the determinant 


Solution Minor of the element а, is M, 
Here а, = 1. So М, = Minor of a, = 3 
M,,- Minor of the element a,, = 4 
М, = Minor of the element а, = —2 
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M,, = Minor of the element a,, = 1 
Now, cofactor of а, 15 A So 
A,-(-1*! М, = (€1)’ (3) = 3 
A,-(-1)**^ М, = (1) (4) = - 4 
А, = (“1 *' M, = (-1) C222 
A,, = (-1)?** М,, = (1; (1) = 1 


Example 21 Find minors and cofactors of the elements a,,, а, in the determinant 


11? 
ау 4 43 

А = (|4 în 053 
аз, 432 43 


Solution By definition of minors and cofactors, we have 














| аә (453 
Minor of a,, = M,, = а ам = а,, а,- A,, а,, 
= — (. 13141 = us 
Cofactor of a, ZA, = (-I)* М, -а,,4,,-а,,а,, 
Mi А M A. 043 
HIE SUE deas ҮЕ d du а; 43 2/05 035 
32 053 
2 = 2+1 = = 
Cofactor оға, = А, -(-1)“ М, = (1) (аа, -а,а,,) =- 4,,4,,+ 4,,4,, 


Remark Expanding the determinant A, in Example 21, along R,, we have 


a a 
а Ar, Ay, 21 222 


А = (—1)!! а E (-1)? а i (21)! d 




















a a 
11 720) азз 12 а; A33 13 31 32 


-a,A, + а„А „+ a, А „‚ where A, is cofactor of а, 


= sum of product of elements of R, with their corresponding cofactors 
similarly, A can be calculated by other five ways of expansion that is along R,, К, 
oF C, and CN 
Hence A = sum of the product of elements of any row (or column) with their 
corresponding cofactors. 





If elements of a row (or column) are multiplied with cofactors of any 
other row (or column), then their sum is zero. For example, 
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A= 201 А, с А, ыс А,, 


а») di3 


ау ар 











а 

1-2 
со 1-0? 
31 33 








ға, (-1)'* 





3 
= (-1)*! 
шог а (уҙ 
ІІ 090. 


др (о j| = 0 (since К, апа R, are identical) 


аз, ә 43 


Similarly, we can try for other rows and columns. 





Example 22 Find minors and cofactors of the elements of the determinant 


2 3 5 
6 0 4 and verify that a, А, +а„А„+а„А„=0 
] 5 -7 


0 4 
Solution We have M, = : p = 0 -20 -20; А <= C1)" (-20) = -20 


6 4 

M,, = ' к --42-4--46,) -А,-(-1)%(-46)-46 
6 0 

M; = |; 5 = 30-0 = 30; А, = (-1) (30) = 30 
LE 

M,,=|5 4z221-25-2-4; A, = (C1y* (- 4) =4 
2%, 

М,-|| 5 =-14-5 = 19; А„ = (C1? (-19) = -19 
2 -3 

Мы |} | =10+3=13; A,, = (C19? (13) = -13 
E 

М,-|р 4 -2-12-0--12; А, = (C1)! (C12) = -12 
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2 5 
M, = | А н = 8 — 30 =-22; A, = C1)? (-22) = 22 
2-3 
and М,-1) ү|-0418-18: A,, = (1) (18) = 18 


Now  a,22,a4,2-3,a,25; А, = -12, А„ = 22, A, = 18 
50 a 22 + 4, 27 + 41; A, 
= 2 (-12) + (3) (22) + 5 (18) = -24 - 66 + 90 =0 


EXERCISE 4.4 


Write Minors and Cofactors of the elements of following determinants: 











a le = . |a c 
BS 1 0) 1, a 
1 0 0 10 4 
2.0) 10 1 0 Gi) (3-5 -1 
0.0 1 61 2 
5 3 8 
3. Using Cofactors of elements of second row, evaluate A=|2 0 1 
|] 2 3 
] x yz 
4. Using Cofactors of elements of third column, evaluate = |1 y zx|. 
1 = xy 


4 4): M 
5. ПА-(4)) 4а») 45, and А, is Cofactors of а„ then value of А 15 given by 
Me (Өз) 03 
(A) ai СО 4, Ас, + 41; Pus (B) Ч Pu a As + Gi, Ay 
(C) Ч, Put da Ai + а» Р (D) Ч DE a^ 27 + ШЕТ 27 
4.6 Adjoint and Inverse of a Matrix 


In the previous chapter, we have studied inverse of a matrix. In this section, we shall 
discuss the condition for existence of inverse of a matrix. 


To find inverse of a matrix A, i.e., A ! we shall first define adjoint of a matrix. 
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4.6.1 Adjoint of a matrix 


Definition 3 The adjoint of a square matrix A = Ladin IS defined as the transpose of 
the matrix [A,], ,, Where А, 18 the cofactor of the element a. Adjoint of the matrix A 
is denoted by adj A. 


4з ә 43 


А) Ар Ap А) Ад Ау 
Then  adjA-Transposeof| А, A» А, |-|А,, Ay А, 
Азу Аҙ» Аз Аз Аз Аз 
. 2 3 
Example 23 Find adj A for A = 4 
Solution We have А, -4,А,--іІ,А,,--3,А,,-2 
| А), Aal |4 -3 
Hence adj A= А, А, “1 42 


Remark For a square matrix of order 2, given by 


A, ао 
А = 
а, 4» 


The adj A can also be obtained by interchanging а, and a,, and by changing signs 


of a,, and a,,, i.e., 
РЕ Oy) _ а, -а, 
adj А 2525 асса, 


Changesign Interchange 


21? 


We state the following theorem without proof. 
Theorem 1 If A be any given square matrix of order п, then 


A(adj A) = (adj A) A= (АП, 





where I is the identity matrix of order п 
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Verification 
Qj ау аз А) Ay Аз 
Let А-|4 4 93|, ћепайј А-|Ар» А» А, 
йз, 4» 033 А; А; Аз; 


Since sum of product of elements of a row (ог a column) with corresponding 
cofactors is equal to | Al and otherwise zero, we have 


А| 0 0 100 
A(adjA)=| 0 |А| 0 |= |А| |0 1 0/-|АІ 
0 0 JA 00 1 


Similarly, we can show (adj A) A= |А| I 
Hence A (adj A) = (adj A) A= |A| I 


Definition 4 A square matrix A is said to be singular if |A| = 0. 


] 2 
For example, the determinant of matrix A = | 4 4 is Zero 


Hence A is a singular matrix. 


Definition 5 A square matrix А is said to be non-singular if |A| + 0 


1 2 


3 | 4-64-280 


1912 А| 
Let А = 3 д . Then = 


Hence А is a nonsingular matrix 

We state the following theorems without proof. 

Theorem 2 If A and B are nonsingular matrices of the same order, then AB and BA 
are also nonsingular matrices of the same order. 

Theorem 3 The determinant of the product of matrices is equal to product of their 


respective determinants, that 1s, AB| = А ІВ 








, Where А and B аге square matrices of 
the same order 





А о 0 
Remark We know that (adj А) А = |А І-|0 ДА) 0 |,/А/%0 
0 о JA 
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Writing determinants of matrices on both sides, we have 


А 0-0 
(ај А)А| = |0 |A| 0 
оо А 
100 
i.e. (ай) A) IAI = |А 0 1 0 (Why?) 
0 0 1 
i.e. (ад) АХА! = IAP (1) 
i.e. (ай) АЛ -1АР 


In general, if A is a square matrix of order n, then 1а4/(А)1-1АГ 1 


Theorem 4 A square matrix A 1s invertible if and only if A is nonsingular matrix. 
Proof Let A be invertible matrix of order n and I be the identity matrix of order n. 
Then, there exists a square matrix B of order n such that AB = BA =1 


NOW АВ - I. So АВ Ё |I Or |А В =] (since 1-1, 





АВ|-ГА|В) 
This gives А + 0. Hence А is nonsingular. 


Conversely, let А be nonsingular. Then А #0 


Now A (adj A) = (adj A) A= |А|1 (Theorem 1) 
A де = Ni A А =] 
ын [x] ААГ 
1. 
Or AB = BA- I, where B = im 
1. 
Thus A is invertible and A“! = п А 


2-2 
Example 24 ҒА- |І 4 3 |, then verify that A adj A = 1А11. Also find A“. 
1 3 4 


Solution We have |A| = 1 (16 — 9) -3 (4-3) +3 (3 – 4) 2 120 
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Now A, 27, A, 2-L A, 2 -1,A,, 2-3, A, = LA, = 0, A, =-3, A, = 0, 
A, = 1 
33 


7 -3 -3 
Therefore adj А = -1 1 0 
-1 0 1 
1 3 3117 -3 -3 
Now A(adA)2|l 4 3|-1 1 0 
1 3 411-1 0 1 
7-3-3 -3-3-0 -3-0-3 
-|7-4-3 -41-44-0 -3-0-3 
7-374%3-3-0 -34 9571 
1 0 0 1 0 0 
=|0 1 0|-(1) |01 0| = ALI 
0 0 1 0 0 1 
7 —3 -3 7 -3 -3 
1 
Also АЗ == adja =-|-1 1, 0|=|-1 1 0 
|^ | -1 0 1 -1 0 1 


3 | then verify that (АВ)! = ВТА. 


| 2 1 -211-1 5 
Solution We have АВ = № —4||—1 3/1/15 -14 


2^5 З 1 
Example 25 If A = ? 4 and B— Д 


Since, АВ = —11 #0, (AB) '! exists and is given by 


ЖАУЫ мон-- —14 ovs] _ js 4 
CA a —— — ind 
D) |AB| 1 11) -5 -1| 115 1 





Further, 





A| ——]1 +0 and В = 1 #0. Therefore, А”! and B~ both exist and are given by 


Ц-4:-3| 3 2 
M м =—= — 
А = M- 2l 11 
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3 2||-4 -3 -14 -5 14 5 
Therefore ВА = _1 __1 — 1 
11|1 lj|-1 2 11| -5 -1 1115 1 
Hence (AB)! = B! A? 


2-2 
Example 26 Show that the matrix А = f j| satisfies the equation A?— 4A + I= О, 


where I is 2 x 2 identity matrix and O is 2 x 2 zero matrix. Using this equation, find A *. 


2 312 3 7 12 
Solution We have A*=A.A= | | | 1 | 


1 2||1 2 4 7 
А 7 12 8 12 1 0 0 0 
Hence АГ-4А-1- - f = – О 
4 7 4 8 0 1 0 0 
Now A?^—4A +1=О 
Therefore АА-4А--1 
Or А А (А) -4АА = — IA! (Post multiplying by А”! because IAI # 0) 
Or A (АА) — 4I = — А! 
or AI — АГ = — A” 
4 0| |2 3 2 -3 
-1 uw 2 = — = 
ol АА-А |, ak] IN 1-1 2 
AN 2 -3 
Hence “ly 2 


EXERCISE 4.5 


Find adjoint of each of the matrices in Exercises 1 and 2. 


2 ] -1 2 
: қ 212 3 5 
-2 0 1 
Verify A (adj A) = (adj А) A = |A| I in Exercises З and 4 
1 -1 2 
-l4 6 Р 
1 0 3 
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Find the inverse of each of the matrices (if it exists) given in Exercises 5 to 11. 


1 2 3 
2 —2 =| 5 024 
а, 4 3 6. 3 2 [^ 
0.0 5 
] 0 Ж 1 3 1 -1 2 
8 3 9.| 4 -1 0 10. |0 2 -3 
2 -1 =| 2 il 2-0 4 


1 0 О 
11. 10 cosa sin Q 


О #10 -—cosQC 


3 7 6 8 
12. Let A = ; d and B = Ё | . Verify that (AB)! = В! АС, 


3 1 
13. га. |2 j| show hat A? SA471= 0, Hence find A‘. 
3 2 
14. For the matrix A= 111 find the numbers а and b such that A? + аА + = О. 
1 1 1] 
15. ForthematrixA- |1 2 -3 
2 -1 3 
Show that A?— 6A? + 5A + 11 I = O. Hence, find АГ. 
2 —1 1 
16. IfA=|-l 2. -I 
] -1 2 


Verify that A? — 6A? + 9A — 4I = О and hence find A! 

17. Let A be a nonsingular square matrix of order 3 x 3. Then ladj Alis equal to 
(A) IAI (В) ГАГ (C) ТАР (D) 3Г1А| 

18. IfAisan invertible matrix of order 2, then det (Аг!) is equal to 





(A) det (A) (C) 1 (D) 0 


(B) det (A) 
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4.7 Applications of Determinants and Matrices 


In this section, we shall discuss application of determinants and matrices for solving the 
system of linear equations in two or three variables and for checking the consistency of 
the system of linear equations. 


Consistent system A system of equations is said to be consistent if its solution (one 
or more) exists. 


Inconsistent system A system of equations is said to be inconsistent if its solution 
does not exist. 


а Note Іп this chapter, we restrict ourselves to the system of linear equations 


having unique solutions only. 





4.7.1 Solution of system of linear equations using inverse of a matrix 
Let us express the system of linear equations as matrix equations and solve them using 
inverse of the coefficient matrix. 


Consider the system of equations 
ax+by+c z= а, 
a,x+b,y+c,z=d, 

a xtb,ytc,z-d, 
а В, an X d, 

Let А= |а b c,,X-|y|andB-|d, 
a, b, с, 2 1, 


Then, the system of equations can be written as, АХ = В, i.e., 


а b C ux d, 
а) b c y|z|d, 
а, bc | |2 а, 


Case | If Ais a nonsingular matrix, then its inverse exists. Now 


АХ =В 
Or А" (AX) = А! В (premultiplying by Аг!) 
Or (А-А) X = А B (by associative property) 
or ІХ= АВ 
Or Х= А! В 


This matrix equation provides unique solution for the given system of equations as 
inverse of a matrix 15 unique. This method of solving system of equations is known as 
Matrix Method. 
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Case П If Ais a singular matrix, then | Al = 0. 
In this case, we calculate (adj A) B. 


If (adj A) B = О, (О being zero matrix), then solution does not exist and the 
system of equations is called inconsistent. 


If (adj A) B = O, then system may be either consistent or inconsistent according 
as the system have either infinitely many solutions or no solution. 


Example 27 Solve the system of equations 
2x+5y=1 
3x+2y=7 


Solution The system of equations can be written in the form AX = B, where 


b opel] 





NOW, A| = —11 #0, Hence, A is nonsingular matrix and so has a unique solution. 
| {| 9 —5 
Note that А = 11-3. 2 
Ф “—51 
Therefore X-A!B---— 
ЇЇ Ээ 2 || 7 
| М 11-331 (3 
Le: ES = 
y 11| 11 -1 
Непсе E Зу = – 1 
Example 28 Solve the following system of equations by matrix method. 
Зх – 2у + 32 = 8 
2x+y-z=1 
4x-—3y+2z=4 
Solution The system of equations can be written in the form AX = B, where 
— 3 x 8 
А-|2 1 -1|,Х-| y| and B=} 1 
4 -3 2 2 4 


We see that 
A| 23(2-3) + 2(4+ 4) +3 (-6-4) 2- 17 z0 
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Hence, А is nonsingular and so its inverse exists. Now 


A = —1, 21, = —8, А --10 
27 =-5, A, == 0, A, -I 
ы ==, A, = 9, As, = 
i -] -5 -l 
Therefore ATS E -8 -6 9 
-10 | 7 
| —] —5 —1||8 
So I ce id Rr -8 -6 9 1 
-10 | Ч 4 
X | -17 1 
i.e. -—-—|-34|2|2 
й 17 
2 —51 3 
Hence x = LW- 2 апа z АМ. 


Example 29 The sum of three numbers is 6. If we multiply third number by 3 and add 
second number to it, we get 11. By adding first and third numbers, we get double of the 
second number. Represent it algebraically and find the numbers using matrix method. 


Solution Let first, second and third numbers be denoted by x, y and z, respectively. 
Then, according to given conditions, we have 
x+y+z=6 
у + 3z= П 


x+z=2y orx-2y +2 = 0 
This system can be written as A X = B, where 


ЕТ 4 x 6 
А= |0 1 3), Х-|у| ал4В- |11 
1 2 1 2 0 
Here |A| 2 1 (1-6) – (0 – 3)+ (0-1) 2 9 #0. Now we find adj А 
А,-1(146)-7, А,--(0-3)-3 A,2-1 
2-(142)2-3, A,, = 0, A,,=-(-2-1)=3 
А, = (3-1) =2 А,--(3-0)--3, А,,=(1-0) =1 
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Hence 


Thus 


Since 


or 


Thus 


7 -3 2 
adj A — 3 О -3 
-1 3 1 
7 -3 2 
A се dj (A 3 0 -3 
-] 3 1 
Х= А В 
ТЫ -2 2 |6 
Х= 9 3 0-3 (1 
-] 3 110 
x 42 —33+0 9 


y|_ 1 [18+ 0+0)_ 1 
z| 2 |-6«3340|. 9 |27 
x-LW-2,z23 


EXERCISE 4.6 


Examine the consistency of the system of equations in Exercises 1 to 6. 


1, x *2y 2 
2x SVS 3 
4. x+y+z=1 


2х + Зу + 24 = 2 
ах + ay + 2а: = 4 


7. 5х+2у= 4 
Tx + 3X 25 
10. 5х + 2у 23 
Зх +2y = 5 


2. 2х- у = 5 3. x - 3y = 5 
х+у=4 2х + бу= 8 

5. 3х-у - 22-2 6. 5х-у+ 4: = 5 
2у-:= -–1 2х + Зу + 52 = 2 
3х -– 5у = 3 5x—2y + 6z = -1 

Solve system of linear equations, using matrix method, in Exercises 7 to 14. 

8. 2x-y=-2 9. 4x Зу Z3 
Зх + 4у = 3 3х- 5у = 7 

11. 2x - y -*z- 1 12. x-y+z=4 
к-2у-:-3 2x+y—3z=0 
Зу – 52 = 9 x+ty+z=2 


13. 2x4+3y+3z=5 
x-2y+z=-4 
3Х-у-22-3 


14. x-y+2z=7 
Зх + 4у —5z=-5 
2x-y+3z=12 
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2 -3 5 
15. If A=|3 2 -4|,find А". Using A" solve the system of equations 
1 1 -2 
2х – Зу + 5: = П 
Зх + 2у – 424 = – 5 
х+у- 25 = -3 
16. Тһе cost of 4 kg onion, 3 kg wheat and 2 kg rice is 260. The cost of 2 kg onion, 


4 kg wheat and 6 kg rice is X 90. The cost of 6 kg onion 2 kg wheat and 3 kg rice 
is X 70. Find cost of each item per kg by matrix method. 


Miscellaneous Examples 
Example 30 If a, b, c are positive and unequal, show that value of the determinant 


а wb Pe 


A-|b c a|isnegative. 
с а b 


Solution Applying C, > C, + C, + С, to the given determinant, we get 


а+р+с b с 1 b c 
A=ļa+b+c c a| =(а+Ь+су|1 c a 
a+b+c a b l а b 

1 р C 


=(a+b+c)|9 c-b a-c|(Applying RS R;- R,and R, GR,-R,) 
О a-b b-c 


=(a+ b +c)[(c-b)(b-c)-(a-c)(a-b)] (Expanding along С.) 
= (a + b + c)(—a?— b? — c? + ab + bc + ca) 


-1 
= (а + b + c) (2@ + 2Ь°+ 2c? – 2ab – 2bc — са) 


= E (a * b * c) Ка - by * (b — c + (c — ay] 


which is negative (since a + b + c > 0 and (a – b? + (b — с)? + (c – ay » 0) 
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Example 31 If a, b, c, are in A.P, find value of 


2y+4 5y+7 бу+а 
3y+5 6y+8 9y+b 
4y+6 7y+9 10y+c 


Solution Applying R, Э R, + R,- ZR, to the given determinant, we obtain 


0 0 0 
Зу+5 6y+8 9y+b 
4y+6 7y+9 10y+c 


=0 (Since 2b=a+c) 


Example 32 Show that 


(у-2) х» zx 
А= | Xy (х+ 2). Ус |= 2ху: (х+у + 2) 
xz yx (x#y) 


Solution Applying R, > xR, R, > yR,,R, > zR, to A and dividing by xyz, we get 


x(y+z) x y » 

А---| x у(х) yz 
Xyz | 
me yz? z(x*y) 


Taking common factors x, y, z from C, C, and C,, respectively, we get 


Applying оа С, C. > C- С, we have 


(vez) x -(ytz) ж-(у-:у 
А-| Уу? (x4+z) у 0 
2 0 (x+y) – 22 
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Taking common factor (x + y + z) from C, and C,, we have 


(y+z) x-(y+z) x-(y+z) 
A=(x+y+ Zz) у (x*z)- у 0 


2 


2 0 (х+ y)-z 
Applying R,  R, - (R, + R,), we have 


2yz  -2z —2y 
A-(xtytzy | y x-ytz 0 
z 0 Xt у-7 


1 1 
Applying C, > (C, + — C) and C, > C, "ФО, we get 
у 


2 
2yz 0 0 
А=(х+у+ д)? y х 2 
2 
эй 
2 -- x+y 
y 


Finally expanding along R |, we have 


А = (x + y + 2)? Qyz) [(х + 2) (x + y) – yz] = (x + y + 2)? Qyz) (x? + xy + xz) 
= (x + y + zy (2xyz) 


1 1% 2 2 0 1 
Example 33 Use product}9 2 3) | 9 2  Á3|tosolvethe system of equations 
3 2 4 6 1 2 
x-y+2z=1 
2y – 32 = ] 
Зх – 2у + 42 = 2 


1-1 2 -2 0 | 
Solution Consider the product |0 2  —3 0 2 -3 


3 -2 4 6 1 -2 
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-2- 9-12 0-2-2 1+3-4 1 0 0 
=| 0-18-18 0-4-3 0-6-46|-10 1 0 
=0=18 +24. 0-4-4 3+6-8 0 0 I 


1-3 2| [2 0 1 
Hence 0 2 -3| -19 2-3 
3 -2 4 6 1 -2 
Now, given system of equations can be written, in matrix form, as follows 
1 -1 21|х 1 


0 2 -3||y|z!1 
3 -2 4112 2 


x IIA 2011 20 11/71 
or y 0 2 -3| |1|-|9 2 3111 
2 9 1 


Hence x = 0, Y% 5 and z=3 
Example 34 Prove that 
а+рх c+dx p+qx ac p 
А=|ах+Ь сх+а рх+а | -(-x)|b d q 
u V w и у w 
Solution Applying R, >R, — x R, to A, we get 
a(l—x*) cü-x) р4-х2) 
A=] ax+b cx+d px+q 
u ү w 
a C D 
—-(ü-x)ax-b cx*d pxt+q 


u V W 
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Applying R, > R, - x К, we get 


a c p 
A-ü-x)| d q 
и у W 


Miscellaneous Exercises on Chapter 4 


X 510 со50 
1. Prove that the determinant|-sinO -х 1 | is independent of Ө. 
cos 0 1 X 
a а bc l a a 


2. Without expanding the determinant, prove thatib b^ ca| = d b Б). 


c č ab 146 c 
сова cosp соза sinD —sin& 
3. Evaluate | -sinp cosp 0 
біп ОЛ cosD sinasinB cosa 
4. Ifa, b and c are real numbers, and 
b+c cta a+b 
А=|с+а a+b b+c|=0, 
a+b b+c c+a 
Show that either a+b +c=00ora=b=c. 
x+a x x 
5. Solve the equation | x x*a x |=0,a#0 
X X х+а 
a bc acte 
6. Prove that |a - ab b ас | = 442527 
ab bbc c 
3 -1 1 1 2-2 
7. £A 2|-15 6 -5|andB=|-1 3 0 |, (АВ) 
5 -2 2 0 -2 1 
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1 2 1 
8. LetA-| 2 3 1|. Verify that 
1 1 5 
(1) [adj АГ! = adj (А7?) (1) (АЧУ! =A 
x y x+y 


9. Evaluate| y x+y X 
x+y x y 


1 x y 


10. Evaluate || x+y y 
] x x+y 


Using properties of determinants in Exercises 11 to 15, prove that: 


aa B+y 


п. P В ту+о =(B-y) (y-o00 (a-p) (o py 
Y Y ath 
x 1+ px 
12. |у y 1+ py} = (1 + pxyz) (x — у) (у — 2) (z — x), where р is any scalar. 
z 1+р{ 
За -a+b -a+c 


13. |-b+a ЗЬ  -b+c| =3(a+ b+ с) (ab + bc + ca) 
—cta —с+Ь 3c 


1 1+р 1-р-4 sing: cosa со8(0:46) 
14. 2 342p 44+3p4+2q| – 1 15. |sinB cosB со(0-6)-0 
3 643p 10-6р-34 siny cosy соѕ(ү+ӧ) 


16. Solve the system of equations 
2 3 10 
—+—+— =4 
x y 7 
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m ses 
X y С 
6,9 20 = 2 
X y “ 


Choose the correct answer in Exercise 17 to 19. 


17. 


1$. 


19. 


If a, b, c, are 1n A.P, then the determinant 


х+2 х-3 х-2а 


x+3 х-4 x+2b is 


x+4 х-5 х-2с 


(А) 0 (В) 1 (С) х (D) 2x 
x 0 0 
If x, у, z are nonzero real numbers, then the inverse of matrix А=|0 y 0118 
О 0 z 
x! 0 х" 0 
(А) y^ (В) ху 0 у" 0 
NP ZR 0 0 z! 
x 00 10 0 
1 
(С) --|0 у 0 (D) —|0 1 0 
хус, 
У oe) Ч 100001 
1 snO 1 
LetA-|-sinO 1  sinO,,where 0 € 0 < 2x. Then 
—] -sinO 1 
(A) Det(A) 2 0 (B) Det(A) е (2, о) 
(C) Det(A) e (2,4) (D) Det (A) є [2,4] 
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Summary 


Determinant of a matrix A = [a,,],_, is given by la [= a, 


ау ар 


Determinant of a matrix A — 
451 42, 


| is given by 


a a 
11 12 
А|- =a а, -а 








а, 42 


a 8 c, 


Determinant ofa matrix A =| а, b, с, isgivenby (expanding along R ) 


a, b, с; 
a wp d БЖ c qe a 
Ж С; 2 © 2 v 
|А|= (а DUC —b +c 
2 9 Cy E 1 1 А 
NE C3 аҙ С; аҙ 5 




















а, b, с; 


For any square matrix A, the IAI satisfy following properties. 


* 
* 


* 


| АЛ = IAI, where А” = transpose of A. 


If we interchange any two rows (or columns), then sign of determinant 
changes. 


If any two rows or any two columns are identical or proportional, then value 
of determinant is zero. 


If we multiply each element of a row or a column of a determinant by constant 
К, then value of determinant is multiplied by К. 


Multiplying a determinant by К means multiply elements of only one row 
(or one column) by К. 
If A -[a; ],,5,ћеп/к.А|= |A| 


If elements of a row or a column in a determinant can be expressed as sum 
of two or more elements, then the given determinant can be expressed as 
sum of two or more determinants. 


If to each element of a row or a column of a determinant ће equimultiples of 
corresponding elements of other rows or columns are added, then value of 
determinant remains same. 
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Area of a triangle with vertices (х, у), (х,, y,) and (x,, y.) is given by 


| хо»! 
A=— |x 1 

2 |72 У2 
x; y, 1 


Minor of an element a, of the determinant of matrix A is the determinant 
obtained by deleting i” row and j" column and denoted by М.. 


Cofactor of а, of given by A. = C у M, 
Value of determinant of a matrix A is obtained by sum of product of elements 


of a row (or a column) with corresponding cofactors. For example, 
А Z 2 2 + а); AT + а, Ay 


If elements of one row (or column) are multiplied with cofactors of elements 
of any other row (or column), then their sum is zero. For example, а А, + а, 
2 n 44; 2 Ж 0 


dii 42 di3 2. АЛ Аз 
аз, Яз 033 Аз А»; Аз» 


cofactor of а, 

A (adj A) = (adj А) A = |A| I, where А is square matrix of order и. 

A square matrix А is said to be singular or non-singular according as 
| АТ = 0 or АГ 0. 

If AB = ВА =I, where B is square matrix, then B 1s called inverse of A. 
Also A! = B or В”! = Aand‘hente (A)! = А. 

A square matrix A has inverse if and only if A 18 non-singular. 


A` g A) 
If a,x+b, g z= d, 
ай b, y+c,z=d, 
a x+ b, y + с, z= d, 
then these equations can be written as A X = B, where 


ан 18 xX d, 
А=| а, Б, c,|,X=| |аһаВ-і а, 
fh. dE C 2 а, 
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Ф Unique solution of equation AX = В is given by X = A B, where |А 22107 


9 A system of equation is consistent or inconsistent according as its solution 
exists or not. 


Ф Fora square matrix A in matrix equation AX = B 
(1) 1А15:0, there exists unique solution 
(п) | AI = 0 and (adj A) B #0, then there exists no solution 
(ш) I AI = 0 and (adj А) B = О, then system may or may not be consistent. 


Historical Note 


The Chinese method of representing the coefficients of the unknowns of 
several linear equations by using rods on a calculating board naturally led to the 
discovery of simple method of elimination. The arrangement of rods was precisely 
that of the numbers in a determinant. The Chinese, therefore, early developed the 
idea of subtracting columns and rows as in simplification of a determinant 
Mikami, China, pp 30, 93. 


Seki Kowa, the greatest of the Japanese Mathematicians of seventeenth 
century in his work 'Kai Fukudai no Ho' in 1683 showed that he had the idea of 
determinants and of their expansion. But he used this device only in eliminating a 
quantity from two equations and not directly in the solution of a set of simultaneous 
linear equations. T. Hayashi, *The Fakudoi and Determinants in Japanese 
Mathematics," in the proc. of the Tokyo Math. Soc., V. 


Vendermonde was the first to recognise determinants as independent functions. 
He may be called the formal founder. Laplace (1772), gave general method of 
expanding a determinant in terms of its complementary minors. In 1773 Lagrange 
treated determinants of the second and third orders and used them for purpose 
other than the solution of equations. In 1801, Gauss used determinants in his 
theory of numbers. 

The next great contributor was Jacques - Philippe - Marie Binet, (1812) who 
stated the theorem relating to the product of two matrices of m-columns and n- 
rows, which for the special case of m = n reduces to the multiplication theorem. 

Also on the same day, Cauchy (1812) presented one on the same subject. He 
used the word ‘determinant’ in its present sense. He gave the proof of multiplication 
theorem more satisfactory than Binet's. 

The greatest contributor to the theory was Carl Gustav Jacob Jacobi, after 
this the word determinant received its final acceptance. 
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